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BOUNDS ON TRANSIENT TEMPERATURE
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Abstract—The theory of differential inequalities is applied to determine upper and lower bounds on the
transient temperature distribution in the region surrounding a buried cylindrical heat source of circular cross
section. Solutions are obtained for a convection boundary condition on the cylindrical surface and a constant
temperature on the free surface with the depth as a parameter. Use of the approximate solutions for

engineering estimates of the transient heat transfer from buried pipelines is briefly discussed.

NOMENCLATURE
A,,  coefficients of expansion of T ;
a, non negative function out;
B, boundary operator;
¢, length scale for buried pipe;
D, spatial domain;
d, depth of buried pipe;
g, geometric coefficient;
g upper bound on ¢g;
g, lower bound on ¢;
h, convective heat-transfer coefficient ;
h, upper bound on k;
h, lower bound on h;
h,, metric coefficient;
k, thermal conductivity;
j 2 parameter in solution T';
4, parameter in solution T';
r, independent variable related to a;
R, thermal resistance;
T, temperature distribution;
T, upper bound on T;
T, lower bound on T';
T,, temperature of heat source;
t, time;
u, continuous function in Q;
4o,  parameterin T;
v, continuous function in Q;
w, continuous fungtion in ;
X, rectangular coordinate ;
¥, rectangular coordinate.
Greek symbols
&, bipolar coordinate;
%y,  constant defining circular cylinder
surface ;
i bipolar coordinate ;
K, thermal diffusivity ;
K, upper bound on
K, lower bound on «;

*Currently Ph.D. student at California Institute of Tech-
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42, eigenvalues of T;
o, function of @ and 1;
o, pipe radius;

Q, domain ;

0Q,  boundary of Q.

1. INTRODUCTION

HEAT conduction in the region surrounding a cylindri-
cal heat source is of considerable interest because of its
application to district heating, pipeline transmission
and also underground electrical powerline trans-
mission. Although exact steady-state solutions are
available [1,2] an exact analytic treatment of the
transient problem has not yet been derived. Approxi-
mate transient solutions were given by Ioff [3,4] for
simple Dirichlet boundary conditions but they are in
the form of integrals with oscillatory integrands which
are difficult to compute numerically. Also in obtaining
error estimates Ioff [4] compared his solution in the
steady state with a second steady-state solution taken
to be exact. However, it can be shown that the second
solution is not exact, thereby invalidating the error
estimate.

In the present analysis two approximate solutions to
the transient heat equation are given for the region
between a plane at constant temperature and a
cylinder initially at the same temperature. It is as-
sumed that the cylinder is suddenly filled with a fluid of
different constant temperature and that the transfer of
heat from the fluid to the region surrounding the
cylinder may be described using a constant heat-
transfer coefficient at the cylinder surface. These
approximate solutions are shown to be bounds on the
unknown exact solutions through the use of differen-
tial inequalities as previously discussed in Adams [5]
and more recently in Sadhal and Martin [6].

A theorem relating approximate solutions to
bounds on unknown exact solutions for parabolic
operators with mixed boundary conditions is stated
without mathematical proof in the following section.
(The interested reader should see Walter [7] for
rigorous details and also Sadhal [8] for a physical
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argument supporting the theorem.) Further sections
describe the exact mathematical formulation and the
simplifications used to obtain the approximate sol-
utions. These simplifications are shown to lead to
differential inequalities which satisfy the requirements
of the discussed theorem. Thus the two derived
solutions are shown to be bounds on the solution to
the exact mathematical formulation,

2. LEMMA 1 [7]

Let P be a parabolic differential operator defined in
the domain © and B be a boundary operator defined
on the boundary 7Q by

(h

where 2Q = Q, UcQ,, w is a continuous {unction in
Q, a is a non-negative function in 8Q, and ¢/¢n is the
outward normal derivative.
Let u and v be continuous functions in Q such that
Plul, P[], B{u] and B[] exist.
If
Plul < P[r] and Blu] = B[r] (2)
then
I {3}

Here dQ is defined as the region over which the
boundary conditions are normally specified. For the
case of the heat equation

1 ¢ ,
P = :*“‘V“, (4)
K Ct
Q= Dxir >0}, (5}
and
8Q = éDx{t > 0}UDx{t = 0. (6)

3. EXACT MATHEMATICAL FORMULATION
The buried-pipe or cable geometry shown in Fig. |
can be transformed into the more convenient two-
dimensional bipolar coordinates by using

N+iy = ceoth[EHa+if)], 7

- <a< o, —r<fi<n

(see Fig. 2 for illustration). In these coordinates the
cylindrical surface « = %, represents a pipe of radius p
= ccsch o, buried a depth d = ccothx,. The two-
dimensional heat equation can then be written as
cT*
K e Bictglon BY oy (% Bar¥)
ot

a e A 7

¢
S L 8. [’* Ees () (8)
)+ e (o, . £%)

where T* is the temperature, x is the thermat diffu-
sivity, t¥* is time and

gla, f) = (cosh o —cos )~ 2. (9)
The initial temperature is assumed to be zero every-
where, i

T*(x, f.0) =0 (10)

y

Fro. 1. Definttion sketeh for buried eylinder.

and the following boundary conditions are applied on
the plane and cylindrical surfaces.

THO, By =0 {1y
-kor* .
SR =TT ., (123
Here k s the thermal conductivity, k is the heat
transfer coefficient, T;* is the temperature of the
cylindrical heat source and

b = {coshzy—cosf} ' Ry

In addition, continuous temperature and heat fHux
require that

TR for¥) = THa '+ 2n %) {14y

and
et ] vk

- '(ac,/f’.r*l:‘ — o, i 2o e {15

op op
By introducing the dimensionless variables 7 =
T*/Tg and 1 = t*k,/¢* in terms of the temperature
scale T, the length scale ¢ and an appropriate
diffusivity k,, the system consisting of (8 }yand {10)- {15}

becomes
. “' ’\‘;’I’ KA‘-I
(IIL’)'(:’I A((:‘g;, - )”—" 0 {Na
Kot [ ¢ T
Tl B0y =0 {1ial
TS 1) == 6 (i
. he )
L - (12a)
I8 k

Even if the diffusivity x 1s assumed to be constant, an
exact solution of this problem cannot be [ound because
of the coefficients g{z, #) and #, (). Therefore, it is
desirable to approximate gia, )/x(z /) by a function
of x alone. say f (), and k| by a constant since doing 5o
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F1G. 2. Bicylindrical coordinate system.

leads to a solution which is independent of 8. The key
to finding useful upper and lower bounds on the exact
solution T lies in the selection of suitable approxi-
mations which bracket the troublesome coefficients
gle, B)/x{e, B)and h, (B). In the following section such
approximations are presented and are justified using
the theory of differential inequalities.

4. APPROXIMATIONS LEADING TO UPPER AND
LOWER BOUNDS ON THE TEMPERATURE

It is possible to construct a function x(a, ) such that
k(®, B) = Ko/(cosha—cos B)’f(x) < x(a, B) (16)

where x,, is the minimum of x(«, ) and serves as the
scale k, in (8a) and in ¢. If in (8a) x is replaced by x then

aT o*T
flo) ———= =0 17
.1(a)6t P (17)
where
- Ko
flo) = glo, ﬁ); (18)

and the solution T'(a,t) can be determined by sepa-
ration of variables. Similarly, if in (12a) his replaced by
h(p) such that

cosh oy —cos
coshag—cosf

h(B)=nh < h, (19)

coshoy+1
then this boundary condition for the approximate
solution T'(a, t) becomes
0T (g, t he
— (cosh g+ 1)—‘—(L~) =—[T(ag,t)—1], (20)
Oo k
which can be satisfied in a simple manner. The plane-
surface boundary condition and the initial condition

can be exactly satisfied, i.e.

T(,0)=0 (21)

and

T0,t)=0. (22)

In the approximation (16) x(x, ) is replaced by a
lower thermal diffusivity and in (18) k is replaced by a
lower heat-transfer coefficient A(f) at the source.
Physically, both these changes in parameter would
lead to a lower heat flux and a lower temperature
distribution. Thus it may be expected that

T(t) < Tle B, 1). (23)

A more rigorous proof of the inequality (23) is
obtained by applying Lemma I, as shown below.
If P is defined as the parabolic operator

P=" g p)l - r.e 2%
= 9@hz [aaﬁaﬁZJ’ @)
then
L M
P[T]= - g(a,ﬂ)—aT yr (25)
Combining (17) and (25) gives
oT K ]
PT) = E{g(a, po=il 09

By assuming that 87/t > 0 and making use of (18)it
can be seen that

P[T] <0, 27)

and since by definition
P[T] =0, (28)
P[T] < P[T]. (29)
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If B is defined as the “boundary™ operator
j’ Pl ) if 1 =0,
o, ) if o = 0,
Bl¢] =

¢ Ch( % 1y he 1

I )

Cx k (cosho—cos f3)
if o =2y, (30)
0)—(12) may be

then the “boundary” conditions (1

written as
L0ifr=0,
[ 0if o =0,
B[T] = h( |

T if o = a,. (31)

k (cosoc—cos [)’)

However, by making use of the approximate boundary
condition (20) it can be seen that

i 0ifr=0.
C0ifo =0,
hc i 1
B[T] =< e T
(7= W‘ cosha—cos/ﬁ costh—l' (a.1)
: hc | .
—— if 2= . (32)
‘ k cosha+ 1
By assuming that T'(x,,t) < 1, it is not difficult to show
that
hc

1 1
k Loshao cosff cOEHQ%?lJ

x [Tlog, ) =17 < 0, (33)
1e.
he 1 !
| e — e | T'(0t, 1)
k | cosh aco—cosﬁ cosh a0+1
he Ve N sy

k cosh 2+ 1k coshay—cosp

By comparing (31) and (32) and making use of (34) it
follows that

B[T] < B[T]. (35)

Hence, by Lemma |

T(x 1)< Tl f. 1) (36)

The assumptions that ¢T(e, 1)/¢t = 0 and Tz, 1) < |
may be justified after T(x. 1) is found.

In a similar manner it can be shown that if gxy/x is
replaced by f(«) such that [(2) < gxo/k [ where &g is
the maximum value of x(x, )] and h is replaced by
R(B) such that h < k(f) then an upper bound T(x.1)

T(x, B, t) is found. It should be noted that since a
new scale K, is used for T, the dimensionless time
variable t is also changed, 1.e. in T (2, t)

(37)

s
L= t*Kofct.

f a . ,
T t) = —e— {bs( —16 Y A4,(1+ba) Zsin[ 4, log(t +ba)]exp| — (47 +1 )h‘r]}

Zbk el
(1+2%)p, !

5. SOLUTIONS FOR APPROXIMATE FORMULATIONS
T(x.t) can be determined from equations (1R},
(20)-{22)if a suitable expression for {2} is found, {or
example,
i 4

GRO/K € = e S
(cosha—1)7

13%)

By uvsing the right side of the above inequality as /()
the differential equation for T'(x. t) becomes
40T T 0 "
T, (39}
ot ot ot
whose solution for the initial condition (21) and the
boundary conditions (20) and (22) is found by the
method of Laplace transform as

2 y
Tl t) = | —exp[pr+p’f]
q
erfefpt' 2+ bt~ ] weric[br 2] 140)
where
k
dg +-—(coshoy+ 1)
he .
e e ( s}
P 2k (coshay + 1) o
he o
k
q :oc0+)— (coshag+1), (42)
¢
and
1
r:2(—~ ), (43)
L
It is not difficult to verify that Tf{ag.t) < | and
T, 1)/ét = O as assumed.
An upper bound to the exact solution 7{x t}
= T, f,t)is found using
COS %y — COS it
R(BY = h|——0 osh {44)
| cosha, -1
f = . 45)
Q) = e g (45
ST SR |
where « is the maximum value of (. f) and
coshay~1  sinh?la
It A A {46)
2o %o

The resulting set of equations for 7{z, t) becomes

1( 1N aT ot 0 47
) e, (.
4 l+boc> ot iyt =0
T(. 0) = 0. (48)
140, 1)y = 0. (49)
¢ I(:zo t) he . .
e [ T(stg, 1) — 1] = 0. 50)
O k(cosh oy — [ (2o ! ‘

Upon solving this set by the separation of variables
(o, t)is found in the following explicit form.

(1]
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4= A fcosh(uy/2)sin(d,ug )~ 24, sinh{ug/2) cos(A,up)]
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£

(432 + 1)[ 2,10 ~Sin 24, 10)]

{A,} is the set of roots of the transcendental equation

and

bk
I+bcxo+--oc0)tan[,{,, log(1 +bag)] = — % 4.
he hc

ty = log(1 + bao).

, (52)

2b%k
(53)

(54)

For the special case when h — oo, the boundary condition (12} on the cylindrical surface takes the isothermal
form used by Ioff [4] T(ae, B, t) = 1. In this case the above upper and lower bounds become

and

T, 1) = E»«t— 2
%o

o
1 +—S«lnh2%ao

B T y

1 +sinh? 1o,

X sin

T 1)

172

@

n=1

o :
erfc
4

0

(2]

(55)

{(—1Y(nr)

nnlog (1 +2 sinh? 3%

%o

log(1 +sinh? }a,)

Both of these exactly satisfy the boundary condition
on the cylindrical surface. Solutions in which x, = &,
= k, are presented in Figs. 3 and 4 as functions of
(/oo for different values of «, and Fourier number

(kpt*/c?).
10
I Fo=0Q0QI
o5t
| T
[ T
00 D2 04 06 0B 1o
a/Qo
10
[ Foeon
4 *
T
W o5
E 4
& I
R
S oo . .
g o 02 04 06 08 10
a/Qo
10
L Fo=100
L —
05 T
T
00 62 04 06 o8 o

/Ao

Fi1G. 3. Temperature distribution at various values of Fourier
number for oy = 1.

) "‘""{“{Dog<cosh%a0>12

(nm)* +[log(cosh Joi,)]?

2 sinh*1
m) 1} %, x] (56)
0

az

The overall transient resistance is of interest in the
design of a buried heat-source system and can be
estimated using the solutions (55) and (56) for the
isothermal boundary condition on the pipe and con-
stant thermal diffusivity. The expression for the re-

10
b Fo=01
05 T
r T
"4 o6 o8 10
arsa,
10
b Fos10
g | -
E 0.5: T
m 3
g T
s
8 o
: 02 o4 06 08 0
/Ao
10
b Fos100
+
05t 7
I
0o 0z 04 06 08 o
a/ty

F1G.4. Temperature distribution at various values of Fourier
number for ay, = 2.
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sistance is defined in terms of the source temperature
T as

R = I#/ (57)

where Q is the total heat flow rate from the source and
is given by

oT*
g= 2k 2 cosh oy —
c

ol —

s=

(38)

It is convenient to nondimensionalize R with the
steady-state resistance [ 1]

R, = ao/2mk, (59)
le.
R tanha, ¢T
= T (60)
R% Oy S i= -

As 1s clear from Figs. 3 and 4 the lower-bound
solution gives an upper-bound value for the tempera-
ture gradient at « = a while the upper-bound solution
gives a lower bound on the gradient at that position.
Hence, upper and lower bounds on the overall tran-
sient thermal resistance may be derived from (56) and
(55), respectively. The results for several values of d/p
are presented in Fig. 5 in terms of the steady-state
resistance. As can be expected

lim R/R,— 1.

Fo— ot
dip~=%

(61)

6. DISCUSSION

In order to obtain the upper and lower bounds to
the unknown exact transient solution to the heat-
conduction equation in the region surrounding a
buried cylindrical heat source the dependence of the
temperature on the space variable § was eliminated. It
can be expected that the exact temperature distri-
bution is a maximum on § = z for a given value of «
and, hence, the upper bound 7(«, t) should be best
along B = =, i.e. along the x-axis between the cylinder
and the plane surface (see Fig. 1). Since the maximum
heat flux is also along this portion of the x-axis, the
solutions (53)and (58 )should be useful to engineers for
predicting upper bounds on the transient heat flux.

The lower bound is less useful since the simplifi-
cation (39} is only reasonable along § = 0, i.e. below

10

a2
Kot/c

FiG. 5. Bounds on the transient thermal resistance for
various d’p.

the cylinder and for small depth relative to the cylinder
radius. However, either bound may be used to estimate
the time to closely achieve steady state for situations in
which the isothermal boundary condition is valid since
the approximate solutions approach the exact steady-
state solutions for large time.
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LIMITES DE LA DISTRIBUTION TRANSITOIRE DE TEMPERATURE DUE A UNE
SOURCE DE CHALEUR ENTERREE ET CYLINDRIQUE

Reésumeé— La théorie des inégalités différentieiles est appliquée pour déterminer les limites supérieures et

inférieures sur la distribution transitoire de température dans la région qui entoure une source de chaleur

cylindrique enterrée, 4 section droite circulaire. On obtient des solutions pour une condition de con-

vection sur la surface cylindrique et de température constante sur la surface libre, avee la profondeur pour

paramétre. L'utilisation des solutions approchées pour les estimations industrielles du transfert thermique
transitoire dans le cas des canalisations enterrées est discutée bri¢vement.

GRENZEN DER INSTATIONAREN TEMPERATURVERTEILUNG AUFGRUND
EINER VERGRABENEN ZYLINDRISCHEN WARMEQUELLE

Zusammenfassung —Mit Hilfe der Theorie der Differential-Ungleichungen werden d‘ie obcre‘und untere Grenze
der instationiren Temperaturverteilung in dem Gebiet um cine vergrabene kreiszylindrische Wirmequelle
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bestimmt, Ldsungen wurden erhalten fiir eine Wirmeiibergangsrandbedingung auf der zylindrischen und
konstante Temperatur an der freien Oberfliche mit der Tiefe als Parameter. Die Anwendung der
Naherungsldsungen auf die ingenieurméBige Abschitzung der instationdren Wirmeabgabe unterirdisch verlegter
Rohrleitungen wird kurz erdrtert.

TPAHNUBI HECTALIMOHAPHOI'O PACMPENENEHUA TEMIIEPATYPbI BCAEACTBHE
ZATJIVBIAEHUA HWIMHIAPHYECKOIO UCTOYHHMKA TEIIA

Aunorayus — Teopus madbepeHIHANLHbIX HEPABEHCTB MCHONBLIYETCA ANA ONPCHeNeHHN BEPXHEH

¥ HFOKHEH TpasHU HECTAUMOHAPHOTO DAcNpPEIcieHHS TEMIEPATYPbl BOKPYD 3ar/1y0JICHHOTO LUANHH-

OPHYECKOrO UCTOYHHKA TENNa KPYTJIOro ceveHus. PeleHns nosyveHs! Ans KOHBEKTHBHOTO TPaHuy

HOTO YCJIOBHSA Ha MOBEPXHOCTH LHAMUMHAPA H NOCTOSHHON TEMIIEPaTyYpPsl Ha CBOGOAHOM IOBEPXHOCTH

C MCHONB3IOBAaHHEM IyOMHBI pacnofnQKeHHs HCTOYHMKA B KayecTse napamerpa. HaH xparTkwii

aHanH3 npUMeHeHHA nPHOMDKCHABIX PELUCHHH s HIDKCHEDHBIX paciéToB HECTALHMOHAapHOrO
niepeHoca Tenaa o1 3aryybneHnsix 1pybonpoBoaos.



