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Abstract-The theory of ~ff~e~tial inequa~ties is applied to determine upper and lower bounds on the 
transient temperature dis~bution in the region s~oun~ng a buried cylindrical heat source of circular cross 
section. Solutions are obtained for a convection boundary condition on the cylindrical surface and a constant 
temperature on the free surface with the depth as a parameter. Use of the approximate solutions for 

engineering estimates of the transient heat transfer from buried pipelines is briefly discussed. 

NOMENCLATURE 

coefficients of expansion of $; 
non negative function out; 

boundary operator ; 
length scale for buried pipe; 
spatial domain ; 
depth of buried pipe ; 
geometric coefftcient ; 
upper bound on g; 
lower bound on g ; 
convective heat-transfer coefficient; 
upper bound on h ; 
lower bound on h ; 
metric coefficient ; 
thermal conductivity; 
parameter in solution T; 
parameter in solution T; 
independent variable related to a; 
thermal resistance; 
tem~rature distribution; 
upper bound on T ; 
lower bound on T ; 

temperature of heat source; 
time ; 
continuous function in Sz; 
parameter in T; 
continuous function in R; 
continuous funFtion in R; 
rectangular coordinate; 
rectangular coordinate. 

Greek symbols 

a, bipolar coordinate ; 

010, constant defining circular cylinder 
surface ; 

P9 bipolar coordinate; 
K, thermal diffusivity; 

% upper bound on K ; 
K, lower bound on IC; 

*Currently Ph.D. student at California Institute of Tech- 
nology. 

In the present analysis two approximate solutions to 
the transient heat equation are given for the region 
between a plane at constant temperature and a 
cylinder initially at the same temperature. It is as- 
sumed that the cylinder is suddenly filled with a fluid of 
different constant temperature and that the transfer of 
heat from the fluid to the region surrounding the 
cylinder may be described using a constant heat- 
transfer coefficient at the cylinder surface. These 
approximate solutions are shown to be bounds on the 
unknown exact solutions through the use of differen- 
tial inequalities as previously discussed in Adams [S] 
and more recently in Sadhal and Martin [S]. 

A theorem relating approximate solutions to 
bounds on unknown exact solutions for parabolic 
operators with mixed boundary conditions is stated 
without mathematical proof in the following section, 
(The interested reader should see Walter r71 for 
rigorous details and also Sadhal [8] for a ihisical 
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x2 II? 
eigenvalues of T‘ ; 

44 function of LY. and t ; 

P, pipe radius ; 

0, domain ; 

aa, boundary of iz. 

1. INTRODU~ION 

HEAT conduction in the region surroun~ng a cylindri- 
cal heat source is of considerable interest because of its 
application to district heating, pipeline transmission 
and also underground electrical powerline trans- 
mission. Although exact steady-state solutions are 
available [l, 21 an exact analytic treatment of the 
transient problem has not yet been derived. Approxi- 
mate transient solutions were given by Ioff [3,4] for 
simple Dirichlet boundary conditions but they are in 
the form of integrals with oscillatory integrands which 
are difficult to compute numerically. Also in obtaining 
error estimates Ioff [4] compared his solution in the 
steady state with a second steady-state solution taken 
to be exact. However, it can be shown that the second 
solution is not exact, thereby invalidating the error 
estimate. 
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argument supporting the theorem.) Further sections 
describe the exact mathematical formulation and the 
simplifications used to obtain the approximate sol- 
utions. These simplifications are shown to lead to 
dilferential inequalities which satisfy the requirements 

of the discussed theorem. Thus the two derived 
solutions are shown to be bounds on the solution to 
the exact mathematical formulation. 

Let P be a parabolic differential operator defined in 

the domain Q and N be ;I boundary operator defined 

on the boundary X.2 b) 

‘r’,$Z 

,( )I B[W] =; _j 
->m + UW 
( I* i% (11 

; tt’/,-(1. 

where 32 = (‘11, UiC&. 1\’ is a continuous function in 
IZ, u is a non-negative function in XI, and i ‘?I] is the 
outward normal derivative. 

Let w and u be ~ontinu~lus functions in Q such that 
PEti], P[v], B[u] and B[I’] exist. 

If 
~‘[LI] s. /‘[r] and B[u] “- B[P] (21 

then 
u c. i’. (3) 

Here 82 is defined as the region over which the 
boundary conditions are normally specified. For the 

case of the heat equation 

[‘s ‘. -‘__vz, 
ti it 

(4) 

R = D.Yjf > o;, (5) 
and 

Here k is the thermal conductivity. ir is the heat- 
transfer coefficient, 7;: ” 15 tlic temperature <)f the 

cylindrical heat source and 

In addition, continuous temperature and heat Ii LIX 
require that 

22 = ?Dr(t > 01 L’k(t ‘- 0). (6) 

3. EXACT MATHEMATICAL FORMULATION 

The buried-pipe or cabfe geometry shown in Fig. I 
can be transformed into the more convenient two- and 

dimensional bipolar coordinates by using 

~+iv = ~coth[~(a+$)], (?t 

--X <;I< X. ~ n <’ 11 < 7l 

(see Fig. 2 for illustration). In these coordinates the 
cylindrical surface x = x0 represents a pipe of radius p 
= ccsch a0 buried a depth d = ccoth Q. The two- 
dimensional heat equation can then be written as 

;7’* 

By introducing the dimensionless variables i -- 

T*j7;;X and I >= t*r;,,ic.’ in terms of the tempcraturc 

scale TO*. the length scale c and ~111 appropriate 

di~usivit~~~~ thesystem consisting of(8)and (10-l 151 

becomes 

where T* is the temperature, K is the thermal diffu- 
sivity, t* is time and 

y(a,b, = (coshcc-cosB)-‘. (9) 

The initial temperature is assumed to be zero evcry- 
where. i.e. 

T”(X, /I, 0) = 0 (IO) 

Even if the diffusivity I\’ is assumed to be constant. YI? 
exact solution of this problem cannot be found because 
of the coefficients ~(cx. j3) and h (/il. Therefore. it is 
desirable to approximate a(~, {!), ti(~ {j) by a function 
oTr alone. say f’(a). and II, hy ;I constant since doing so 
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FIG. 2. Bicylindrical coordinate system. 

leads to a solution which is independent of p. The key 
to finding useful upper and lower bounds on the exact 
solution T lies in the selection of suitable approxi- 
mations which bracket the troublesome coefficients 
g(a, fi)/lc(a, p) and h,,,(b). In the following section such 
approximations are presented and are justified using 
the theory of differential inequalities. 

4. APPROXIMATIONS LEADING TO UPPER AND 
LOWER BOUNDS ON THE TEMPERATURE 

It is possible to construct a function rc(a, 8) such that 

~(c(,p) = rcJ(cosha-cos/?)‘,f’(a) < K(a, 8) (16) 

where gO is the minimum of rc(a, p) and serves as the 
scale K~ in @a) and in t. If in @a) K is replaced by K then 

,&&$ = 0 (17) 

where 

KO 

and the solution T(cc, t) can be determined by sepa- 
ration of variables. Similarly, if in (12a) h is replaced by 
b(B) such that 

h(B) = h 
coshcc,-cosp 

coshaO+l 
d h, (19) 

then this boundary condition for the approximate 
solution _T(E, t) becomes 

iYT(a,, t) hc 
-(cosha,+l)~ 

aa = k CT@,, t)- 11, (20) 

which can be satisfied in a simple manner. The plane- 
surface boundary condition and the initial condition 

can be exactly satisfied, i.e. 

_T(a, 0) = 0 (21) 

and 

_T(O, t) = 0. (22) 

In the approximation (16) Ic(a, /I) is replaced by a 
lower thermal diffusivity and in (18) h is replaced by a 
lower heat-transfer coefficient b(p) at the source. 
Physically, both these changes in parameter would 
lead to a lower heat flux and a lower temperature 
distribution. Thus it may be expected that 

T(a, t) G W., B, t). (23) 

A more rigorous proof of the inequality (23) is 
obtained by applying Lemma I, as shown below. 

If P is defined as the parabolic operator 

P=KOg(a,/?)$- -$+-$ , 
I I 

(24) 
K 

then 

(25) 

Combining (17) and (25) gives 

P[r] =g[g(a,,,%_,ij- (26) 

By assuming that a_T//at 2 0 and making use of (18) it 
can be seen that 

P[_T] < 0, (27) 

and since by definition 

P[T] = 0, (28) 

P[r-j d P[T-j. (29) 
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If B is defined as the “boundary” operator 5. SOLLTIONS FOR APPROXIMATE FORhlUL.4TlONS 

1 (P(x, t) if t = 0, T(r. r) can be determined from equations (IX), 

cj(x, I) if x = 0. 
(20)~ (X) if a suitable expression for ! (x) is found. for 

B!I41 = (' 
example. 

ic/)(a. t) $- I!( -4 
i’r j/h’o. K ,< ~~ 

! 
k (c&~.~co~j~~(~~t) / (cash 2 - 1 I2 >. 2 

!.%) 

if x = ro. (30) By using the right side of the above Inequality as \ ix) 
then the “boundary” conditions (lO)-(12) may be the differential equation for T(r. t 1 becomes 

written as 4 (?7‘ ;‘7 

Oift=O, =z 0. 
TJ (7T ^ ’ i.‘Y) 

( u- 
0 if R = 0. 

B[T] = ! ,~‘ 
whose solution for the initial condition (21) and the 

I 
~~ ~~- Tifcr=a,. 

boundary conditions (20) and (22) is found by the 

k (cosa-cosj) 
(31) method of Laplace transform as 

Y 

However. by making use of the approximate boundary T(z. t) = 1 -exp[p/.+p!1] 

condition (20) it can be seen that ‘I 

0 if t = 0. 
x erfc[pr’ 2+t~t- ’ ‘1 +erfc[+rr ’ LdJj 140) 

where 
~ 0 if a = 0. k 

hc 1 

B’T1 =j I;- &-co+ coshcc+l 

x0 + ,;; (cash I() ~+ I ) 

P=---- 
?k (coshr,,+ I I ’ 

I-Ii I 

~ hc I IfC 
+ ~~ ~~~~ ifr=x,,. (32) 

“6 

k coshr+l k \ 
By assuming that T(r,, t) G 1, it is not difficult to show 

y = E,, + i; (cash Q + I), 143 

that and 

x [_T(a,, t) - I] -’ 0, (33) It is not difficult to verify that *r(c(,, t) . I and 

i.e. ‘T(a, r):‘?r 2 0 as assumed. 

hc 1 I 
An upper bound to the exact solution I (2. r~ 

- Ttr, fl_ t) is found using 
k coshx,-cos/l coshsc,+l 

T(%, t) 

IIC 
+ ~~ . _ Lm ~~ ‘i ‘I(: ~~~ ~~A (34) 

144) 

k cash x0 + 1 k cash x0 - cos /i 

By comparing (31) and (32) and making use of (34) it 

follows that 

q7'1- BITI. (35) 

Hence, by Lemma I 

T(r. t) h T(z, /I. t). (36) 

The assumptions that i__T(cc, t)/it + 0 and 7’(x,. I 1 : I 
may be justified after T(r. t) is found. 

In a similar manner it can be shown that if ~~tiO!ti is 
replaced by ,f (Co such that /‘(cc) s &/ti [where 12~ is 
the maximum value of ~(2, fl)] and /I is replaced by 

k(p) such that h <C;(fl) then an upper bound T(x. t) 
3 T(cc, /I, t) is found. It should be noted that since a 
new scale co is used for .7. the dimensionless time 
variable t is also changed, i.e. in I (x, t) 

[ zz t*h_,‘$. (37) 

I451 

where ti,] is the maximum value of ti(u. /I 1 and 

The resulting set of equations for I (CI, r) becomes 

7 (a. 0) = 0. (48) 

I (0, t J = 0. 149) 

Upon solving this set by the separation of variables 
/ (a, t) is found in the following explicit form. 

k-16 i ,/$,(I +ba)’ 2 slti[i,, log( I + ha)] exp(~ - (li,: + I )h’r] 
i 

(‘I! 
,/ I 
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where 

A = ~~~cosh(~*/2)sin(~*~~)-2~“sinh(~~/2)cos(~”u~)] 
n 

(4A,2 + 1)[21,u, -sin(2A,uO)] 

{A,> is the set of roots of the transcendental equation 

( 
2 

Ifba,+~a, 

1 

mn[A,log(l+ba,)] = _?A”, 

and 

t1a = log(l -t&x,). 

(53) 

(54) 

For the special case when h -) co, the boundary condition (12) on the cylindrica1 surface takes the isothermal 
form used by Ioff [4] T(ao, fl, t) = 1. In this case the above upper and lower bounds become 

and 

x sin @# 
Elw(cos~4&3)12 

+I}%$%?$] (56) 

Both of these exactly satisfy the boundary condition 
on the cylindrical surface. SoIutions in which rc, = F&, 
= K,, are presented in Figs. 3 and 4 as functions of 
(u/x0) for different values of x0 and Fourier number 
(K&*/C’). 

l.O( 
. Fo * 0.01 

0.5 - 

0.0. 
0.2 1.0 

a /a0 

a/ao 

1.0 

FXG. 3. Temperature distribution at various values of Fourier 
number for a, = I. 

The overall transient resistance is of interest in the 
design of a buried heat-source system and can be 
estimated using the solutions (55) and (56) for the 
isothermal boundary condition on the pipe and con- 
stant thermal ~ffusi~ty. The expression for the re- 

04 06 0.8 LO 
a/a0 

0.6 0.6 LO 
alao 

FIG. 4. Temperature distribution at various xaiues of Fourier 
number for x0 = 2. 
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sistance is defined in terms of the source temperature 
T,* as 

K = TzlQ (57) 

where Q is the total heat flow rate from the source and 

is given by 

(58) 

It is convenient to nondimensionalize R with the 
steady-state resistance [ 11 

R, = u,/2nk, (59) 

i.e. 

R tanhx, iT 

R, ~(0 (7a ,=,,,. 
(60) 

the cylinder and for small depth relative to the cylinder 
radius. However, either bound may be used to estimate 
the time to closely achieve steady state for situations in 

which the isothermal boundary condition is valid since 
the approximate solutions approach the exact steady- 
state solutions for large time. 

Ackrto,~ledgement-The authors are Indebted to the NatIonal 
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As is clear from Figs. 3 and 4 the lower-bound 

solution gives an upper-bound value for the tempera- 
ture gradient at CI = uO while the upper-bound solution 
gives a lower bound on the gradient at that position. 

Hence, upper and lower bounds on the overall tran- 
sient thermal resistance may be derived from (56) and 
(55), respectively. The results for several values of d/p 
are presented in Fig. 5 in terms of the steady-state 

resistance. As can be expected 
I 

lim R/R, + I. (61) 
F” - r 7 
d/p - % 

02 

6. DlSCUSSlON 

In order to obtain the upper and lower bounds to 
the unknown exact transient solution to the heat- 
conduction equation in the region surrounding a 
buried cylindrical heat source the dependence of the 

temperature on the space variable b was eliminated. It 
can be expected that the exact temperature distri- 

bution is a maximum on fl= n for a given value of a 
and, hence, the upper bound 5 (x, t) should be best 
along fi = E. i.e. along the r-axis between the cylinder 

and the plane surface (see Fig. 1). Since the maximum 
heat flux is also along this portion of the \--axis, the 
solutions(53)and (5X)should beuseful toengineersfor 
predicting upper bounds on the transient heat flux. 

The lower bound is less useful since the simplifi- 
cation (39) is only reasonable along fl = 0, i.e. below 

K,t-/c’ 

E’IG 5. Bounds on the transient thermal resistance IOI- 
various tl’,, 
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LIMITES DE LA DISTRIBUTION TRANSITOIRE DE TEMPERATURE DUE A IINF 
SOURCE DE CHALEUR ENTERREE ET CYLINDRIQUE 

R&sum& La thtorie des in&galitCs diff&rentielles est appliqubc pour dktermincr les limites superieures ct 
infirieures sur la distribution transitoire de tempkrature dans la rtgion qui entoure une source de chaleur 
cylindrique enterree. zi section droite circulaire. On obtient des solutions pour unc condition de con- 
vection sur la surface cylindrique et de tempirature constantc sur la surface libre, avcc la profondeur pour 
param2tre. L’utilisation des solutions approchtes pour les’estimations industrielles du transfert thermique 

transitoire dans le cas des canalisations entcrrCex est discutCe britvement. 

GRENZEN DER INSTATIONAREN TEMPERATURVERTEILUNC AUFGRUND 
EINER VERGRABENEN ZYLINDRISCHEN WffRMEQUELLE 

Zusammenfassung-Mit Hilfe der Theorie der Differential-Ungleichungen werden die obere und untere Grenze 
der instationgren Temperaturverteilung in dem Gebiet urn eine vergrabene kreiszylindrische Wlrmequelle 
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bestimmt. Liisungen wurden erhalten fiir eine W~~e~~rg~gsrand~dingung auf der zyiindrischen und 
konstante Ternperatur an dcr freien Oberff~ct~e mit der Tiefe als Parameter. Die Anwendung der 
N~herungsl~sungen a&die ingenieurml&ge AbscMtzung der instation%-en Wgrmeabgabe unterirdisch verfegter 
Rohrleit ungen wird kurz eriirtert. 

AWYOT~S@~W-- Teopaa ~~~~PeHuUanbUblx HepaBeeHcTB 3m'mmyem-i DIR onpemnerm BepxHeR 
n imi+ieB rpamiu H~~Ta~uoHapHoro p~c~~en~q~Hu~ Te~nepaTypbt BoKpyr 3ar~~6~eHHOrO umnH- 
np3mecKoro UcToqHma Tenna Kpyrnora ce9en3ix. Peruem nonyseebl nnn KOH~~KT~BHO~~ rpaeau- 
~oroyCno~u3i Ha noeepxtlocTUuUnUHapa u n0CT0~~~0iiTeMnepaTypbf Ha c~o6o~woii no3epxeocTu 
C UCIlORb3OBaHKeM my6mbr paCnOnQ2KeHU33 UCTOSHUKa B Ka'leCTBe IIapLWvfeTpa. AaH KpaTKHiI 
aHam npUMeHeHU~ ~pU6~U~eHHbIX pelueHNa IIJM U~~eHepHblX pa&foe HecTauKo~apHor# 
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